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1. Introduction

The conception of isogeometric analysis was first introduced
by Hughes et al. [1] and further developed by Cottrell et al. [2,3],
Bazilevs et al. [4,5], and Zhang et al. [6]. Its goals are to generalize
and improve on Finite Element Analysis (FEA) in following
aspects: (1) To provide exact geometry for analysis no matter
how coarse the discretization. (2) To simplify mesh refinement by
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eliminating the need for communication with the CAD geometry
once the initial mesh is constructed. (3) To more tightly weave
the mesh generation process within CAD. Within the concept,
basis functions generated from non-uniform rational B-spline
(NURBS) play a key role in offering exact geometry representa-
tion, simplification of design optimization and tighter integration
of analysis and CAD. Although NURBS is not the unique tool for
implementation of isogeometric analysis, it is the one in the most
widespread use so far. It may be owing to the two facts, one is
that NURBS is the standard approach for representation of free
form curves and sculptured surfaces in CAD, and can represent
elementary shapes such as sphere, cylinders, and torus exactly.
These make it possible for NURBS to express all of CAD models in
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a uniform geometric representation. Another is that the basis
functions originated in the field of approximation theory and
inherently have some useful mathematic and geometric proper-
ties, such as the local support, nonnegative and partition of unit.
These are attractive properties with regard to numerical stability.
Following the development of NURBS based isogeometric analy-
sis, one challenging but trivial task still needed for resolution is
how to efficiently and exactly generate a trivariate NURBS solid
from a given bivariate NURBS surface [7].

Considering the meaningful influence of isogeometric analysis,
we first introduce the conception into the Boundary Element
Analysis (BEA) [8-11] to solve 3-D potential problem. In our
scheme, basis functions of B-spline or NURBS are used to construct
CAD model and approximate boundary variables in BIE in the
same parametric space. Because of the explicit B-spline expres-
sion, the geometric information for solution of BIE can be directly
calculated from the CAD model. So no matter how coarse the mesh
is, the boundary information is exact. This is a distinct advantage
over the traditional Boundary Element Method (BEM) where the
geometric model for BEA is from element approximation. The BEA
is a dimensional reduction method. For 3-D potential problem, the
3-D geometric bodies for analysis are based on the Boundary
representation (B-rep) [12,13]. And only boundary surfaces infor-
mation is needed for the solution of BIE. So isogeometric analysis
in BEA is much more easy to be implemented compared with that
for FEA. The challenging problem mentioned above that is diffi-
culty in the 3-D modeling can also be avoided here.

Nearly singular and singular integrals are key factors to
deteriorate the exactness of numerical results in BEA. Because
of tensor product restriction, the mesh in BEA for discretization of
3-D B-spline boundary surfaces must be kept in an uniform
rectangular-grid in isogeometric analysis. For some bodies, this
fashion of mesh can result in many singular points appearing in
the body boundary surface, such as the tensor product fashion of
mesh in a sphere. The appearance of these points lead to many
nearly singular and singular integral required for evaluation.
To overcome this drawback, we develop a local bivariate B-spline
function based on the B-spline basis definition. This kind of
B-spline largely alleviates the influence of global tensor product,
and allows free allocation of the element number in one of the
parametric directions.

It is worthy of mentioning that before our work, the attempt
for using exact geometric information in BEA has been performed.
The method for implementation of it is called as Boundary Face
Method (BFM) that first proposed by Zhang et al. [14]. In their
scheme, the exact 3-D geometric models for analysis are based on
B-rep, which is constructed by the CAD software, such as UG-NX.
The approximation of boundary variables in BFM are performed in
the same parametric space of CAD model that is similar with the
isogeometric analysis. But the parametric expressions in CAD and
in CAE are so different that the refinement needs iterative
communication with CAD geometry.

This paper is organized as follows. In Section 2, there are
expressions of B-spline and NURBS, and local B-spline functions.
In Section 3, the implementation of isogeometric analysis in 3-D
potential BIE is performed. Numerical examples for 3-D potential
problems are given in Section 4. Finally, we present the conclu-
sions for our work.

2. B-spline, NURBS and local B-spline
2.1. Basis functions

B-spline, NURBS and local B-spline are built from B-spline
basis functions. These basis functions are defined recursively for

zero degree
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Assuming that 0/0:=0 and = =[&,&5,...,&, k1], Where Z is a
knot vector; ¢; the ith knot and n the total number of basis
functions corresponding to the number of control points. Knot
values presented in the knot vector = are given by: &, =&, = --- =
£k+1 =0, én+1 :én+2 =" :én+k+1 =>1, and éi:(i_(k"‘l))/(n_k)
fori=k+2,k+3,...,n.

2.2. Local basis functions

To use Eq. (2), it is easy to deduct the high degree basis
functions. These basis functions are defined in the global knot
interval in order, such as the cubic basis functions described in
Fig. 1(a). Local B-spline basis function is the basis functions
defined in one of non-zero knot subintervals, such as the super-
posed segments: Bg‘g(é), BY(9), B%(f) and Bg;(ﬁ) in the [0.4, 0.6]
depicted in Fig. 1(b), Bﬁ.f,)((ﬁ) is the Ith segment of the ith basis
function.

The transformation of local B-spline basis functions from
B-spline basis functions also can be depicted in a mathematic
expression. For example, an intact two degree basis function
defined in a local knot vector [&;,&;, 1,142,614 3] can be expressed as
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The values of this intact basis function in other non-zero
subintervals of the global knot vector & =[&,&,,...,&h k1] are
zero, that is to say, the intact basis function is a global basis
function, which only has definition in the local knot vector
[€n¢i 1,84 2,.6i43]. So we call this intact basis function as global
B-spline basis function.

The basis function can be transferred into a local B-spline basis
function defined in a non-zero knot subinterval [&;&;, 1), which
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Fig. 1. Local B-spline basis functions located in the subinterval [0.4, 0.6].
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can be expressed as
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The local B-spline basis function is a group of basis segments
from several different global B-spline basis functions with the same
location in a non-zero knot subinterval [&;,&; 1), i€ {k+1,...,n}.

2.3. Bivariate B-spline and NURBS function

Given a control net {p;} and two series of B-spline basis
functions: {B;x(&)} and {B;,(#)}, which are, respectively, located
in the knot vectors = =[1,&5,.. 0 Emyke1] and Eu =[11.179,. . .,
Nos1o1) (here i=1,2,...m, j=1,2,..,n), a bivariate B-spline
function is defined by

m n
PEm= > Bi(&B(mpy (5)
iz1j=1
and a bivariate NURBS function is defined by
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In Eq. (6), wy is the weight value corresponding to the tensor
product B;;B;;. When all weights (i.e., w;;) are set to 1, Eq. (6)
degenerates into Eq. (5).

Because all of tensor product B;;B;, are defined in the global
knot vector: =, or =, (here we call this fashion of tensor product
as global tensor product), each of parametric mesh mapped from
control nets must be subdivided in uniform rectangular grid, such
as that described in Fig. 2, which requires 4 row-grids in every
column and 5 column-grids in every row. To distinguish the
following definitions, we denote the expressions (3) and (4) as
global bivariate B-spline and NURBS functions, respectively.

2.4. Local bivariate B-spline function

To use the global bivariate B-spline function to approximate
the boundary variables in the BIEs, many extra nearly singular
and singular integrals will appear on some particular body
surfaces, such as the sphere surface in Fig. 3. This is a trickiness
problem in the realm of BEM, which will deteriorate the final
numerical results. The reason of their appearance is that the
parametric domains of the surfaces are unsuitably meshed
according to the global tensor product fashion of B-spline.

»
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Fig. 2. A parametric mesh for a global bivariate B-spline or a NURBS function.

n
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Fig. 3. Parameter mesh and surface mesh of a sphere according to the global
tensor product fashion of B-spline.

It results in surplus elements huddling together in the areas of
singular points, such as that in Fig. 3.

To use the local bivariate B-spline function, it is possible to
avoid the computation of these integrals. The local bivariate
B-spline function is an extension of PB-spline [15] into 2-D
parametric space. It also can be considered as a special kind of
T-spline [16], which allows free allocation of number of rectan-
gular grids in one of the 2-D parametric directions. Its expression
is written as

n m k 1
PEM =D BuOBiumpy= D> > Nis(&mpys @)
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where N,s(&,n) is defined by
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pii(xij.yii,Zij) is from the control net {p;}. £ and # are parametric
coordinates with their values lying in the [{,&5,...,&, k1] and
11120 - Mms141), TESPECtively. pr=pg _rg—sp ire{k+1,...n}
and jse{l+1,...,m}. [&né;41) and [n;,n;,+1) are non-zero knot
intervals. B/'*1)(¢) and B;ffsfl)(n) are the local B-spline basis
function, which are defined in [¢,&,1) and [n;7j41)
respectively.

The local bivariate B-spline function is a particular kind of
bivariate B-spline function. When its parameter mesh is subdi-
vided with the fashion of the same row-grids in every column and
the same column-grids in every row, it degenerates into global
bivariate B-spline function.

3. Implementation of isogeometric analysis in BIEs

The isogeometric analysis is using the same mathematical tool
to construct an exact geometric model in CAD and approximate
physical variable in CAE in the same parametric space. Because
this tool has an explicit expression, it is easy to obtain the exact
geometric information for analysis. Here, B-spline basis function
is used as the tool to implement the isogeometric analysis in the
BIEs of 3-D potential problems.

3.1. BIEs for 3-D potential problem
Given the boundary conditions, the 3D potential problem
governed by the Laplace’s equation can be described as

V2u=0, vxeQ
vxel, 9
vxely

u=1u,
q=4q

where x is x(x1,x2,X3) in the Cartesian coordinates; the domain
with the closed boundary I'=TI",+Iq; U and q are the prescribed
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potential and normal flux, respectively, on the essential boundary
I'y and natural boundary I'g; g=0ou/on is the flux on the boundary
I' along the outward normal direction of n.

Corresponding to the above partial differential equation, the
self-regular BIE is written as

0= / () —uy)g s.y)dl — / U s.y)dl (10)
JI JI

where u and q are, respectively, the potential and flux function on
the boundary I'. S is the field point (integration point), y is the
source point (collocation point). u’(s,y) and g*(s,y)are the funda-
mental solutions. In 3-D potential problems

u(sy)= a1

_1
4nr(s,y)

n;(s) (12)

qs(s,y) ou’ (S y) 1 Z Xz(S)*Xi(Y)

on(s) ~ 4mr(s, V) r(s,y)

where r is the distance from the source to the field point in
Cartesian coordinates.

3.2. B-spline approximation

In the isogeometric analysis schema, both the bivariate
B-spline surfaces to represent the integral boundary I" of a body
and the local bivariate B-spline function to approximate the
boundary values: uj(s) and ts), are expressed in the parametric
form. Therefore, the discretization of the Eq. (10) can be performed
in the parametric domain. Fig. 4 shows a parametric mesh, which
maps to a 3-D mesh model of a boundary surface. The red dots
denote the parametric coordinates of nodes. The purple dashed
mesh-grids are integral background elements, which are one-to-
one corresponding to the nodes, for example the labeled domain
of an integral element I',,. The black mesh-girds are parametric
subdivision according to the knot vectors of a quadratic bivariate
B-spline: Z:=[0,0,0,1/3,2/3,1,1,1] and Z,=[0,0,0,1/2,1,1,1]. The
virtual values, considered as the control points of the B-spline
function, are located on the corner points of each black grids,
denoted by p;;. The node values are denoted by p;;. Given boundary
condition is imposed on these red dots.

To take use of the mesh fashion described as Fig. 3, Eq. (10) can
be discreted as

0= %: /F w(u(S)—u(y))qS(S.y)dF (S)—%: /F Wq(S)us(S.y)dF ) (13)

Note that u in >, is only a subscript, which is different from
the variable u or the basis function v°.

Subsequently, the local bivariate B-spline function can also be
constructed with p;; as control points, which is expressed as

P = Z Z Nis(&1)Prs (14)

r=0s=0
n - pr

Py Py
1 T T -

] = o l’/ \o
% - > Domain(I' )
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T T —
‘ 1 1 3 1 ¢
4 2 4

Fig. 4. Parametric mesh of an integral boundary B-spline surface. (For interpreta-
tion of the references to color in this figure, the reader is referred to the web
version of this article.)

where p,s =P _ryj.—s) ir € tk+1,...,n} and j; € {I+1,...,m}. In Fig. 4,
n=>5, m=4 and k=I[=2. Eq. (14) can be expanded, which then is
expressed as another form, such as

Py = Z Z Nis(& )Py

r=0s=0
k
= Z Nro(&mpro+ Z N (C&mpr+ -+ + Y Na(&mpy
r=1 r=I1
= Z_Ni(c,n)pi (15)

where N;(&,17) and p; are, respectively, the vector elements of [N;]
and [p;], which one- to-one correspond to the determinant
elements of [N] and [p,s], respectively. In Fig. 4, Nyo(&,n)=
Nri(&En) = --- =Ny(&n). If the number of elements in every row
are different from each other, we have N,o(&,7) # Ny (&) # - - #
Nu(€m). Nis(E,n) does not satisfy the Kronecker delta property, but
it is constricted to interpolate the node values pj;, i.e.,

pj =Py = ZNz‘(fj"?j)ﬁi (1%

where p; is an arbitrary vector element corresponding to the node
values pj;.
Substituting Eq. (16) into Eq. (15) with inverse transformation,

we have
PEM =SNG (Nl By) = 32 S NiEmINg~'p
i j i

=Y Ni&mp; 17)
i

where Nj(&,1) = 3 Ni(&mINT;" s [Nly=[Ni( &)l

To use Eq. (17), it is easy to construct the B-spline approximation
functions of boundary variables: u(s) and q(s), respectively, such as

wEm = Ni(&mi(&.n) (18)

a&m=>_ Nu&mac.n) (19)

where u(&,n) and q(&,n) are the 2-D parametric expressions of u(s)
and q(s), respectively.
Substituting Egs. (18) and (19) in the Eq. (13

SIL+ ZI<2> = (20)
uv

1 2
where I'}) and I'?) are expressed as

), we have

1 1 - N
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1

1 1 N 5
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where (i), = @(¢,17p) and (&), =E;(&m)).
Then, Eq. (13) can be written as a matrix form

Hi—G§ =0 (23)

3.3. Exact geometric information

The bodies for the analysis in the 3-D potential BIEs are only a
kind of boundary representation (B-rep) geometric models.
The boundary surfaces of the bodies are built with bivariate
B-spline or NURBS functions in our isogeometric analysis schema.
To calculate the integrals of the Eq. (20), geometric information is
required, such as the spatial coordinates of the boundary surfaces
and Jacobian. This information can be analytically calculated from
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Egs. (5) or (6) in fact, so it is exact. For example, Fig. 5 shows a
body enclosed by one bivariate quadratic NURBS surface.
The control net is shown in Fig. 5(b), which is corresponding to
the parametric mesh in the Fig. 5(a). The exact spatial coordinates
of pi;(x,y.z) in Fig. 5(b) can be directly estimated by Eq. (6) with
the given parametric coordinates of (&;,;) in Fig. 5(a). Other exact
geometric information of the body, such as Jacobian and out
normal can also be found from the partial derivatives of Eq. (6).

4. Numerical examples

Two 3-D B-spline geometric models are applied in the solution
of potential BIEs to illustrate the accuracy and convergence of
B-spline isogeometric analysis. Note that these models in the BIEs
are based on B-rep, i.e., these bodies are only composed by
boundary surfaces. That is a distinct advantage over isogeometric
analysis implemented in FEM where 3-D geometric models must
be constructed by trivariate B-spline functions. To evaluate the
error of numerical results, a ‘global’ L, norm error, normalized by
|v| is defined by [17]

1 N
N Zl (UEe)_vgn))z
i=

where |v| .. is the maximum value of sample points, the super-
scripts (e) and (n) refer to the exact and numerical solutions,
respectively. To assess the accuracy of numerical results in the
current isogeometric analysis, we use the following three analy-
tical fields, which are taken from Ref. [17]:

max’

24

|v|max

(i) Quadratic solution

b
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In all cases, BIEs generated from Laplace’s equation V2u=0 are
solved, combined with reasonable prescribed boundary condi-
tions corresponding to the above analytical solutions.

4.1. Potential problem for a sphere shell

A semisphere shell is firstly used for discussion, which is
constructed by three quadratic NURBS surfaces: two semisphere
surfaces and one disk surface. The body and its main size are
shown in Fig. 6. Fig. 6(b) and (c) are, respectively, the planform
and side elevation of the body. The red dashes in the two figures
are used to denote the location of reference numerical solutions
in the following illustration. In this case, the Dirichlet boundary
conditions corresponding to the exact solutions (Egs. (25) and
(26)) are imposed on the surface of the semisphere shell.

The global and local bivariate B-spline are applied for approx-
imation of boundary variables. The surface mesh in Fig. 7(a) is
subdivided according to the parametric definition of global
bivariate B-spline. Because of the restriction of global tensor
product, the mesh must be kept with a uniform number of nodes
in every meridian direction along the woof direction. As a result,

Fig. 7. Two different mesh models for the semisphere shell: (a) mesh according to
global B-spline definition and (b) mesh according to local B-spline definition.

Fig. 5. A body constructed by one bivariate quadratic NURBS surface.

u=-2x>+y>+2° (25)
(ii) Cubic solution
u=x3+y3+2>-3yx?>—3xz2—3zy? (26)
a »
g LD | f
T 2.(x.n,).5(&.n).2(&.n,)
»
(&)
(0,0) 5
a b

o}

Fig. 6. A semisphere shell and its main size: (a) semisphere shell, (b) planform of semisphere shell and (c) side elevation of semisphere shell. (For interpretation of the
references to color in this figure, the reader is referred to the web version of this article.)
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many of nodes huddle in the poles of the two semisphere surfaces
that further results in many nearly singular and singular integrals
needing to be solved in the potential BIE. Whereas, the mesh in
Fig. 7(b) allows variable number of nodes allocated in every
meridian, so there are lesser nodes in the poles.

Table 1 describes the numerical errors and computational time
estimated from the two fashion of mesh in Fig. 7. The L, errors of
nodal values of q is denoted by Err_q evaluated by Eq. (24) and
time required for constructing the coefficient matrices is denoted
by Mat_t for various analytical fields. From the table, we can
clearly see that the nodal values evaluated from 510 nodes on the
body surface in the local B-spline definition is more exact than
that from 580 nodes in the global definition. And much time for
computation is also saved in the local definition compared with
the global. It indicates that the transformation of global bivariate
B-spline to local is meaningful for improvement of the computa-
tional efficiency and exactness in the potential BIE.

In Figs. 8 and 9, the quadratic local B-spline as the approxima-
tion function is used to determine the convergence rates of our
method. The normal flux q on the red dashes in Fig. 6(b) and
(c) are considered. Three groups of nodes: 96 nodes; 184 nodes;
256 nodes, are used to discretize the semisphere shell surface.
In Fig. 8, cubic boundary condition corresponding to Eq. (26) is
imposed on the body surfaces. And the numerical results obtained
from 184 nodes and 256 nodes are in good agreement with the
exact solutions, even if the first data from 96 nodes has little
fluctuation. In Fig. 9, quadratic boundary condition corresponding
to Eq. (25) is imposed on the body. And the numerical results

Table 1
The L, errors of q together with computational time from two meshes.

Number of nodes Analytical Degree of Err_q (%) Mat_t
field B-spline (s)
510(Local u=quadratic =~ Two degree 0.04775 489
B-spline) Three degree 0.02022 516
u=cubic Two degree 0.1085 532
Three degree 0.09563 534
580 (Global u=quadratic =~ Two degree 0.0588 2497
B-spline) Three degree 0.02622 2627
u=cubic Two degree 0.1638 2462
Three degree 0.1007 2715
8 T T T T T T T T T T T

Cubic exact solution
& 96 nodes

184 nodes
256 nodes

Numerical solution of q on the surface
o
1

: : : : :
0.0 0.2 0.4 0.6 0.8 1.0
Parametric coordinates
Fig. 8. Variation of normal flux q along the red dashes on the r=1.4 semisphere

surface. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

5 T T T T T T T T T T T
quadratic exact solution

4 4 ~ 1% 96 nodes y |
% 184 nodes S

Numerical solution of g on the surface

0.0 0.2 0.4 0.6 0.8 1.0
Parametric coordinates
Fig. 9. Variation of normal flux q along the red dashes on the R=2.0 semisphere

surface. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

R=50

\ 2

Fig. 10. A tube and its main size. (For interpretation of the references to color in
this figure, the reader is referred to the web version of this article.)

finally are convergent to the exact solutions by few of nodes. The
two figures testify that the local B-spline is a stable approxima-
tion method to approximate boundary variables in potential BIE.

4.2. Potential problem for a tube

In this case, a tube is used for analysis, which is composed by
four NURBS surfaces: two toroidal and two disk surfaces. The
body and its main size are shown in Fig. 10. The Dirichlet
boundary conditions corresponding to the exact solution
(Eq. (25)) is imposed on the surface of the tube. There are three
sets of nodes: (a) 276 nodes; (b) 526 nodes; (c) 892 nodes; to be
used for discretization of the body surfaces, these mesh models
are presented in Fig. 11. The global quadratic bivariate B-splines is
applied for approximation of boundary variables.

In order to determine the convergence rate, the normal flux g
on the toroidal and disk surfaces labeled by red dashes in Fig. 10
is considered. Note that the labeled end surface is a slightness
surfaces comparing with the tube where many nearly singulars
will be required for evaluation. Fig. 12 shows that the numerical
results obtained from quadratic B-spline approximation are con-
vergent to the exact solutions following the increment of nodes
on the body surfaces, even if the results obtained from the
discretization of 276 nodes and 526 nodes fluctuate. The numer-
ical results evaluated by the same B-spline on the large toroidal
surface are in good agreement with the cubic exact solutions in
Fig. 13, even the calculation from 276 nodes. The comparison
between Figs. 12 and 13 indicates that to evaluate exactly the
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Fig. 11. Three mesh models of the tube: (a) 276 nodes, (b) 526 nodes and
(c) 892 nodes.

-20 T T T T T T T T T T T

Cubic exact solution
—@— 276 nodes

Normal flux q on the surface

. : . : .
0.0 0.2 04 0.6 0.8 1.0
Parametric coordinates
Fig. 12. Variation of normal flux q along the red dashes on the end surface. (For

interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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Fig. 13. Variation of normal flux q along the red dashes on the toroidal surface.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

results on a small size surface is more difficult than that on large
size surface. In fact, computation of small size feature problem is
still a challenge issue in engineering problem. But B-spline here
performs well. This numerical example testifies again that
B-spline has stronger potential in approximation.

5. Conclusions

The conception of isogeometric analysis has been successfully
implemented in the 3-D potential BIE. It is a meaningful attempt
to seamlessly integrate CAD modeling and BEA and to simplify the
communication of mesh refinement with CAD model. The first
goal of isogeometric analysis has been achieved in the potential
BIE, which is to be geometrically exact no matter how coarse the
discretization. The new implementation in BIE can be considered
as improvement and generalization of traditional BEA.

Basis function form B-spline or NURBS has been applied for
CAD modeling and analysis of 3-D potential BIE. For particular
shape, the mesh model of body produces many of singular points
restricted by the global tensor product fashion of B-spline.
The local bivariate B-spline has been proposed to avoid the
computation of many nearly singular and singular integrals on
singular points. In approximation of boundary variables, the
B-spline bivariate functions are fitting type functions, i.e. they
lack the Kronecker delta property, so an inverse transformation is
performed to convert them into ones of interpolation type.

Numerical tests have demonstrated that the isogeometric
analysis for solution of the 3-D potential BIE is feasible. High
convergence rates and high exactness obtained from the tests
indicate that the isogeometric analysis has the stronger potential
to be expanded into other areas of BEA.

The proposed local B-spline has the potential to simplify the
mesh refinement, which is another mentioned goal in isogeo-
metric analysis. To use local B-spline for mesh refinement and for
other engineering problems is an ongoing work.

To deal with the large-scale computations for complicated
geometric bodies, the Fast Multipole Method (FMM) [18-20] can
be applied to reduce the computation expense. And this is also
planned.
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