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Examples of industrial work
 Sampson post of pumping unit (1991-1992)

Mass:
2280kg

Displacement:
4.4 mm

Max. stress:
132 MPa

Mass:
1421kg

Displacement:
3.1 mm

Max. stress:
58 MPa

 Further improvement
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Examples of industrial work (2)
 Workover rig mast (1993-1994)

Max. stress: 325 MPa Max. stress: 180 MPa
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Examples of industrial work (3)
 FRP sucker rod End-fitting (1997-1998)

 Idea for further 
improvement

Fatigue cycles: 2.4 millionFatigue cycles: 6.9 million
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Examples of industrial work (4)
 Forming process of spiral welded pipes (1999)
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Automatic, accurate and efficient analysis of large-scale complex 
structures with arbitrary geometries and material composition

Software development (research goal)

 Automatic meshing for complicated structures with 
complex geometry

 Complete solid modeling to capture local stress 
concentration

 Seamless interaction with CAD packages
 Fast computation ability to solve large scale problems

Complete solid stress analysis

Boundary Integral Equation Mehtod
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Difficulties in FEM

 Continuous parametric model and Discrete model.

 Contradiction between conforming and nonconforming elements

 High quality meshing demanding considerable effort or skill

 Interaction between CAE and CAD

 Derivable trial function necessary in the weak form
 Stiffer computational model 
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Difficulties in FEM（2）

 Element performance relies on its 
shape. Small features are omitted 
due to connectivity and aspect ratio

 Many kinds of abstract element based on priori assumptions

 Sound and solid training in FEM, rich 
skills and experiences are a must for a 
successful user. Analyst and designer 
are often not the same person

 Accuracy for stresses is of one 
order lower than displacements

 New assumptions are required for 
connecting different kinds of elements, 
unable to capture local stress
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Review of BIE

 2D potential problem
2 0,

,

,

u

q

u x
u u x
u q q x
n

   
  


   



2 2

2 2 0
q

u u uv dxdy v k q d
x y n




              
 

0
q

v u v u dxdy vqd
x x y y




    
       

 

2 0v uu vd u v d
n n 

          

 The equivalent weak form

 Once integration by part, FEM formulation

 Twice integration by part, BIE formulation

 Contradiction between 
conforming and 
nonconforming elements

 Locking problems: 
membrane locking, 
volumetric locking, shear 
locking etc.

 Reduced integration and 
hourglass modes

 Accuracy of fluxes is one 
order lower than that of 
potential
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 Easy mesh generation and modification

Domain type
Domain type

Boundary type

Adding a hole

Boundary type

 High accuracy for local 
stress concentration

Potential to make direct use of a 
body’s parametric representation 
through Brep data of CAD packages

Advantages of BIEM
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 Suitable for solving singular problems

 Suitable for solving problems involving 
infinite domains

Advantages of BIEM(2)
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 Natural way for imposing boundary conditions

（1）Boundary conditions are expressed by density functions. 
No abstract point load.

（2）For Robin condition,
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 Dense and unsymmetrical coefficient matrices

 Memory complexity   O(N 2)
 CPU complexity Direct solver：O(N 3)

Iterative solver：O(N 2)

 Requirement of fundamental solution

 Applicable to linear problems only

 Singular and nearly singular integration involves complex 
mathematical operations

Disadvantages of BIEM
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 Fast algorithms
 Fast Multipole Method

Memory complexity: O(N); CPU complexity: O(N)

n

 Hierarchical Matrix and Adaptive Cross Approximation (ACA)
Memory complexity: O(NlogN); CPU complexity: O(Nlog2N)

Breakthroughs of BIEM
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Blocal

N NM MMtoL

Straightforward
Total number of operations  O(NM)

Multipole expansion
Total number of operations  O(N+M)

Bfar
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Breakthroughs in BIEM 
--Fast Multipole Method
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 Hierarchical matrix (H -matrix)

M U V
M

 Block partitioning with tree

 Low rank approximation

 Arithmetic operations and complexity

O(nlog2n )

Matrix-matrix 
multiplication

O(nlog2n )

Matrix-
inversion

O(nlog2n )O(nlogn )O(nlogn )O(nlogn)

LU-
Decomposition

Matrix-vector 
multiplication

AdditionStorage

Breakthroughs in BIEM 
--Hierarchical Matrix and ACA
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 Adaptive Cross Approximation (ACA)
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Numer. Math.
Vol. 86 (2000), pp. 565-589

Hierarchical matrix and ACA 






 Skeleton point
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Hierarchical matrix and ACA 
 ACA without iteration

Determine the skeleton points using 
geometric method. The predetermination 
of skeleton points is particularly helpful 
when evaluating the entries by boundary 
integration.

1k 

3k 

5k 

7k 

9k 
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 Dual reciprocity method

 Accurate algorithm for nearly singular integration

Therefore, an analysis tool for BVP that performs 
far better than existing techniques is achievable 
by using boundary integral equation formulations

Breakthroughs in BIEM (2)
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Boundary Face Method 
(BFM)



22Jianming ZhangGCWCOME2012，Changsha

Boundary Face Method 

 The discretized form by elements

In standard BEM,

elements are used to

 facilitate boundary integration

 interpolate Boundary variables

 approximate the geometry
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In the BFM,

elements are used to

 facilitate boundary integration, 
only

 Shape functions are separated 
from the elements

 The exact geometry is kept

 The discretized form of BIE in BFM
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Boundary Face Method (2)
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BFM model BEM model

Boundary Face Method (3)
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 Weakly singular 
integration

 Nearly singular integration
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Boundary Face Method (5)

 Cell subdivision for singular integration

Traditional way

Adaptive way


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0.2430.2810.1351.0
0.3130.2100.1270.8
0.4850.2920.1450.6
0.7480.3750.1730.4
1.0000.5720.2620.2
0.9371.2190.4200.05

u=cubic
%

u=quadratic-1
%

u=linear
%

BNM by MK. Chatiz and S. Mukherjee
Int. J. Numer. Meth. Engng. 2000; 47:1523-1547

Numerical results by BFM

 Sensitivity study of 
source location in 
a cell


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1.6380.12030.02694u=cubic

1.0910.069850.03552u=quadratic-2

0.021790.038650.01355u=quadratic-1

0.059080.0910.04226u=linear

4x368x1812x12Node spacing

Numerical results by BFM (2)
 Sensitivity to 

cell shape
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Numerical results by BFM (3)
 Convergence 

study on a 
elbow pipe



30Jianming ZhangGCWCOME2012，Changsha

Numerical results by BFM (4)

Comparison between BFM and BEM

Surface mesh 
(538 elements)

 Comparison with BEM
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Numerical results by BFM (5)

 Very thin shell under pressure
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Numerical results by BFM (6)
 Shell Structures with Stiffener

1 2r 

2 1r tr 

3 3.5r 

6

2

0.1r  Nodes: 98940, 
Elements: 19788
(Quadratic )

Nodes: 2128, 
Elements: 596
(Quadratic )
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t=0.02,   Poisson’s Rate =0.25, Young’s Modulus=1000

Internal
pressure 10

FEMBFM

Numerical results by BFM (7)
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Aface

2500N mmBface

0x y z  

0.4r mm evaluation points

Numerical results by BFM (8)

BFM

FEM Manifold with fillet
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Numerical results by BFM (9)

BFM FEM
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位移精确解为边界条件：

杨氏模量10Mpa, 
泊松比0.25，
应力精确解为：

Numerical results by BFM (10)
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Numerical results by BFM (11)
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Numerical results by BFM (12)
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Numerical results by BFM (13)
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Numerical results by BFM (14)
 Cooling water pipes

Cylinder Element
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Triangle Element with small hole

Numerical results by BFM (15)

ngs
ps el ngs s s pss
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Numerical results by BFM (16)

BFM

BEM

Validation example

100T 

10q 
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Numerical results by BFM (17)
Validation example
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A Cuboid with many straight pipes 

Numerical results by BFM (18)

3 3 3 2 2 23 3 3u x y z yx xz zy     Exact solution:

Elements
1240

Nodes
4920
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Numerical results by BFM (19)
A Cuboid with many randomly spaced curved pipes 

Elements: 1994;   Nodes : 7782
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 Transient Heat conduction

Numerical results by BFM (20)

Time

Tem
perature at 

B
ottom

 Face
Tem

perature at 
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 Face

Time
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Numerical results by BFM (21)
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 Acoustic problem

Numerical results by BFM (22)
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20760 triangular 
elements

radius=5.0
wave number=1

Numerical results by BFM (23)
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Numerical results by fast BFM
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 Comparison with FMM

err

9.5×10-58937806592288
1.6×10-45203390641048
5.7×10-480353010288

Tequ (s)Tcoef (s)DOFs
Single-domain model

9.9×10-5125167753106688
1.6×10-46418412747448
5.1×10-4116771111888

Tequ (s)Tcoef (s)DOFs
Multi-domain model

err

err

4.5×10-513035701782272
5.1×10-55720330736544
5.2×10-52954079120

Tequ (s)Tcoef (s)DOFs
Single-domain model

9.9×10-65357473198682
7.0×10-52744210142944
7.9×10-58824910720

Tequ (s)Tcoef (s)DOFs
Multi-domain model

err

By HdBNM-FMM By BFM-ACA 

Numerical results 
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Numerical results 

Timing results for the thick cylinder problem

 CPU seconds for 
solving the 
system equation

The hierarchical LU-
decomposition will be 
considerably beneficial 
to equations that have
multiple right hand sides
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119451651531.353BFM-ACA

97761651531.337HdBNM-
FMM

Time (s)Nodes

61271093140.954BFM-ACA

53961093140.919HdBNM-
FMM

Time (s)Nodes

 CNT composite  simulation 

Numerical results 
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 Parallel and GPU Computation

DRAM

Cache

ALU
Control

ALU
ALU
ALU

DRAM

GPU CPU

GPU计算
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大坝仿真
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 界面自动识别

大坝仿真
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大坝仿真 带细小水管的网格自动划分
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 利用图论原理的多域问题矩阵组装

最小带宽优化排序

大坝仿真大坝仿真
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焊接结构
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焊接结构

 角焊缝
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 坡口焊缝

焊接结构
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焊接结构

 平行对焊缝
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焊接结构

 垂直面L型焊缝
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焊接结构

 TL型半V坡口焊缝
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焊接结构

 TL型多段垂直焊缝
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焊接结构

 

 焊缝网格划分
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结构稳定性问题
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结构稳定性

 Stability Analysis based on Solid 
Model other than Shells or Beams

, ,
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Small features 
have significant 
influences on 
stability

Shell Theory

3D Solid Theory
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crP

5.04X1073.92X1073.84X107Pcr

Classical solutionFEM BFMMethod
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Classical solutionFEM BFMMethod

结构稳定性
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细分和等几何分析

 Surface Reconstruction and Bone simulation
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1.597%4.382%33.06%误差（%）

3072768192单元数目

152837688顶点数目

210细分次数

0.5771%1.773%7.08 %误差（%）

76801920480单元数目

3842962242顶点数目

210细分次数

5.846%10.54%19.79%--误差（%）

6144153638496单元数目

306876418844顶点数目

3210细分次数

细分和边界积分方程
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等几何分析和边界积分方程
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接触、断裂和疲劳

 Crack Propagation and Fatigue
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 Contact Problem
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Conclusion

Thanks to the breakthroughs in BIE 
techniques, the situation for the BIE’s
application is not what it used to be. 
Presently, it is time to develop analysis 
tools based on BIE, which can perform 
much better than FEM.
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